In this paper we prove the existence of one-sided filters, for spectral Fourier approximations of discontinuous functions, which can recover spectral accuracy up to the discontinuity from one side. We also use a least square procedure to construct such a filter and test it on several discontinuous functions numerically.
to the discontinuity. This is the motivation for the one-sided filters discussed in this paper.
We refer the readers to Mock and Lax [9] for the early work in this direction.
In Section 2 we prove the existence of one-sided filters, i.e., we prove the existence of complex numbers cry, such that for any analytic but not periodic function The proof in Section 2 is constructive. However, the filters obtained that way can not be satisfactorily applied in actual computations unless N is extremely large. For a practical range of N between 8 and 32 (16 to 64 grid points for collocation), we try to find a better F one-sided filter through a least-square procedure described in Section 3.
Several numerical examples are also provided in that section.
We point out that the one-sided filters discussed in this paper are neither unique nor necessarily optimal in practical calculations.
Work is under way to explore the construction of one-sided filters directly in the physical space (1.6).
A systemetic investigation about one-sided filters in the phase space, similar to the approach used in [10] , is also under consideration.
Existence of One-Sided Filters
The main result in this section is the following theorem:
and a T'N is the Vandeven two-sided filter defined by (1.8), produces a filtered Fourier sum
where xR is given by (1.12), C and j3 are constants independent of N.
Proof: We have, by (2.1) and (1.5),
On the other hand, by Newton's formula, the sum on the last line of (2.4) satisfies, for (2) A left-sided filter is obtained by taking the complex conjugate of a_ in (2.1). The proof follows the same lines.
3 Efficient ples
One-Sided Filters and Numerical Exam-
The one-sided filters described in Section 2 are good asymptotically, but a very large N is needed in order for m in (2.2) to be of reasonable size. It is our experience that asymptotically correct choices are often not necessarily optimal for small N.
We thus use a least square procedure, described below, with the objective of obtaining more efficient one-sided filters for a practical range of N between 8 and 32 (between 16 and 64 grid points for collocation):
Least Square Procedure:
We make an ansaze We now show the results obtained for N = 8 with s = 2, p = 3, R = 5 and A = lr; for N = 16 with s = 5, p = 5, R = 5 and A = 7r; and for N = 32 with s = 18, p = 6, R = 6 and A = _r, in Figures 2 to 6.
In Figure  2 , we plot the filter cr_r for its real and imaginary parts. No special pattern can be observed.
In Figure  3 , we plot the filter cr_v for its magnitudes and arguments. Clearly it shows a straight line for the arguments immediately after the first few modes. This interesting phenomena can be loosely explained in the following way: A straight line for the arguments corresponds to a pure shifting for the kernel (1.7). It makes the kernel non-symmetric around zero and mainly supported in one-side, allowing for one-sided recovery of accuracies. For the first few modes the arguments have to be close to zero to ensure accuracy of the filter for the low modes.
In Figure 4 , we plot the filter kernels (1.7) in the physical space.
We can see that they are indeed one-sided approximate 6 functions, i.e., they are supported mainly to the left side of the discontinuity 0 (rnod 2_r).
In Figure  5 , we plot the one-sided filtered Fourier sum (1.5), using plus signs, against the exact solution (3.4) (shifted by _r to show more clearly the discontinuity), with N = 16.
Each point is either left-side filtered or right-side filtered according to which side it is closer to the discontinuity, we can clearly see the advantage of using one-sided filters in getting accurate,non-oscillatory results.
Finally, in Figure 6 , we plot the errors of the one-sided filtered Fourier sum (1.5) from the exact function (3.4), with N = 8, 16, 32, on a logrithm scale. Again, each point is either left-side filtered or right-side filtered according to which side it is closer to the discontinuity.
We can see the uniform convergence up to the discontinuity and a faster than algebraic convergence for the one-sided filtered Fourier sums.
The same filter is also used to other functions such as u(z) = eC°'(TM) u(m) = 1 etc., with similar results.
We would also like to point out that even if we have restricted our discussion to the (solid line) and the two-sided filtered Fourier sum using (1.8) with p = 6 (dashed line). We can see that the two-sided filter removes oscillations away from the discontinuity but still leaves over-and under-shoots near the discontinuity. 
